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Quantum Gibbs sampling = fixed-point iteration

Gibbs sampler
Given a local Hamiltonian H, construct a
quantum channel T (or semigroup Tt = etL)
such that

σβ = e−βH

tr(e−βH) is the unique fixed point.

Then iterate until convergence:

ρ0
T7−−→ ρ1

T7−−→ ρ2
T7−−→ · · · −→ σβ .

ρ0 ρ1 ρ2 · · · σβ
T T

continuous-time version:
ρt = etL(ρ0) with L reversible w.r.t. σβ

Trace-distance mixing time:

tmix(ε) := inf{t ≥ 0 : sup
ρ

dtr(etL(ρ), σβ) ≤ ε},

dtr(ρ, σ) := 1
2 ∥ρ − σ∥1.

▶ Classical analogue: Markov chain Monte Carlo.
▶ Typical question: how many times we need to apply to get convergence?
▶ Usually done by contraction coefficients.
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What changed after Chen et al.?

▶ Chen–Kastoryano–Brandão–Gilyén / Chen–Kastoryano–Gilyén gave an exact, efficiently
implementable, quasi-local noncommutative Gibbs sampler with fixed point σβ

[Chen et al. 23a, Chen et al. 23b].
▶ This unlocked both:

▶ algorithmics: efficient preparation in regimes where one expects thermalization to be easy;
▶ analysis: spectral gaps, rapid mixing, repeated-interaction implementations, and physically

motivated system–bath models.
▶ Since then there has been a lot of activity: high temperature, weak interactions, fermions,

1D chains, repeated interactions, macroscopic baths, and recent fermionic/rapid-mixing
advances [Rouzé et al. 24a, Rouzé et al. 24b, Slezak et al. 26, Smid–Berta et al. 25a,
Smid–Berta et al. 25b].

▶ Non-trivial families of quantum channels for which we can bound the contraction coefficients!
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A contraction-coefficient dictionary

ηD(Φ) := sup D(Φ(input), σβ)
D(input, σβ) “how much of a quantity survives one step?”

Quantity Representative estimate What it buys

χ2/variance Varσ(etL†
X) ≤ e−2λt Varσ(X) spectral gap / Poincaré; typically

polynomial or linear-time
preparation

oscillator norm
∣∣∣∣∣∣∣∣∣etL†

X
∣∣∣∣∣∣∣∣∣ ≤ e−ct |||X ||| rapid mixing t = O(log(n/ε)) in

the high-temperature
noncommuting regime

relative entropy D(etL(ρ)∥σ) ≤ e−αtD(ρ∥σ) MLSI / entropy decay; Usually
the gold standard

▶ For this talk, gap ↔ χ2-contraction and oscillator norm contraction are the main positive results.
▶ The real missing piece is relative-entropy contraction in genuinely noncommuting settings.
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The oscillator norm is a local Lipschitz seminorm

δa(X) := X − Ia
2 ⊗ tra(X),

|||X ||| :=
∑
a∈Λ

∥δa(X)∥∞.

▶ δa(X) removes the part of X that is invisible on site
a.

▶ |||X ||| measures how many sites really matter for the
observable.

▶ Multiples of the identity have oscillator norm 0.
▶ For a Pauli string of weight w , |||P||| = w .

Why this norm?
Trace norm not sensitive enough for local-to-global
proofs. The oscillator norm localizes the problem to
one-site influences.

X = Z2Z5 on a six-site chain

1 2 3 4 5 62 5

δ2(X) = X

δ5(X) = X

δa(X) = 0 for a /∈ {2, 5}

Hence |||X ||| = 2.
It counts how many sites
support the observable.
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High-temperature rapid mixing in oscillator norm

Contraction statement (local noncommuting Gibbs sampler)
For the quasi-local sampler L(β) and sufficiently high temperature β = O((DJ)−1), there is a
constant c > 0 such that

ηosc(t) := sup
X ̸∝I

∣∣∣∣∣∣∣∣∣etL(β)†(X )
∣∣∣∣∣∣∣∣∣

|||X |||
≤ e−ct .

This immediately implies

∥etL(β)
(ρ) − σβ∥1 ≤ 4n e−ct , t = O(log(n/ε)),

so the sampler mixes in the best possible many-body timescale
[Rouzé et al. 24b, Rouzé et al. 24a].

▶ Gap/χ2 contraction alone only gave polynomial-time mixing.
▶ Oscillator contraction upgrades this to rapid mixing.
▶ The same proof strategy also extends to some long-range models.
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How the oscillator proof works: anchor + perturbation

Let Xt = etL(β)†
(X). For each site a,

d
dt δa(Xt) = −λ δa(Xt) +

∑
b ̸=a

[δa, L(β)†
b ](Xt) + δa

(
(L(β)†

a − L(0)†
a )(Xt)

)
.

Step 1: depolarizing anchor
At β = 0, the local generator is just sitewise
depolarization:

δaL(0)†
a = −λ δa, λ = 1√

2e1/4
.

So the infinite-temperature point contracts every
local derivative uniformly.

Step 2: control the perturbation
Show that the off-site commutators and on-site
thermal correction satisfy

∥[δa, L†
b](X)∥∞ ≤

∑
c

κc
a,b∥δc(X)∥∞,

∥δa((L†
a − L(0)†

a )(X))∥∞ ≤
∑

c

γc
a ∥δc(X)∥∞.

Summing over a turns this into a Grönwall inequality for |||Xt |||.
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How the oscillator proof closes: locality feeds the bootstrap
Approximate the local term by a spatial truncation Lβ,r and compare to β = 0:∑

r≥r0

∥L†
β,r − L†

β,r−1∥∞→∞ ≤ ∆(r0), ∥L†
β − L†

0∥∞→∞ ≤ η(β).

For local Hamiltonians, Lieb–Robinson bounds plus the smooth filter give

∆(r0) fast decaying in r0, η(β) = O(βJ).

Hence the total influence can be bounded by

κ ≤ 4(2r0 + 1)2Dη(β) + f (r0).

Choose first r0 large and then β small so that κ < λ; then

|||Xt ||| ≤ e−(λ−κ)t |||X ||| .

QIT translation
This is a noncommutative Dobrushin argument: start from a tensor-product contraction, quantify how
much locality and temperature spoil it, and keep the spoilage below the depolarizing margin.
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Repeated interactions as a Gibbs sampler

system S
HS

H(t) = HS + HB(ωj) + αfκ(t) Aaj ⊗ X
choose a random site aj and bath frequency ωj

single-qubit bath
HB(ωj ) =
−ωj Z/2

ρB
β,ω1

ρB
β,ω2

ρB
β,ω3

discard
reset

discard
reset

discard
reset

step 1

step 2

step 3

...
...prepare a fresh thermal qubit, inter-

act with S, trace it out, and repeat

fκ(t) ∝ e−t2/(2κ2) is a Gaussian switching pulse of width κ;
Aa = A†

a is the local system coupling operator chosen at site a.

One collision step

Φα,κ(ρ) = Ea,ω TrB
[
Uα,κ(ρ⊗ρB

β,ω)U†
α,κ

]
.

Effective Gibbs sampler

Φα,κ ≈ eα2LRI
κ , LRI

κ = −i[HLS, ·]+cκ LG
κ .

σβ ∝ e−βHS .

▶ Collision dynamics define the one-step
CPTP map.

▶ Iterating that map gives the repeated
Gibbs sampler.

▶ The weak-coupling limit recovers a KMS
Lindbladian with fixed point σβ .

▶ κ sets the tradeoff: sharper filtering
versus less locality.
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Why monotonicity is needed beyond quasi-locality

Physical samplers are harder to analyze
▶ Repeated interactions and weak system–bath

couplings are simple/physical.
▶ But the regime where they accurately approximate

thermalization is typically less local.
▶ Existing gap/MLSI proofs live at the quasi-local end

of the family.

Accuracy-locality tradeoff
▶ Repeated interactions: larger Gaussian width κ

improves accuracy.
▶ Macroscopic-bath KMS generators: smaller

coupling α improves accuracy.

Better accuracy means worse locality.

quasi-local point
good for gap / MLSI proofs

accurate physical point
good approximation
to the real dynamics

same Gibbs
fixed point

vary
κ, α

different
locality scale

Question: can contrac-
tion coefficients be trans-
ported along the family?
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The monotonicity mechanism: convolution in the Dirichlet form

Mechanism
For a one-parameter family {Lδ}δ≥0 with the same fixed point,

E(δ)
X ,Y (s) := −⟨Y (sβ), L†

δ
(X(sβ))⟩σβ ,

E(δ)
X ,Y = fδ ∗ E(∞)

X ,Y , fδ = gδ,δ′ ∗ fδ′ .

Variational formulas for gap and MLSI then give
λgap(Lδ) ≥ ∥gδ,δ′ ∥1 λgap(Lδ′ ),

αMLSI(Lδ) ≥ ∥gδ,δ′ ∥1 αMLSI(Lδ′ ).

s

E(∞)
fδ′ ∗ E(∞)

fδ ∗ E(∞)

more smoothing = convex averaging
of the shifted Dirichlet form

[Slezak et al. 26]

Takeaway
For the Gaussian-filtered families we care about, ∥gδ,δ′ ∥1 = 1, so passing to the more accurate / less local
generator does not decrease the gap or MLSI.
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What monotonicity buys us
▶ Repeated-interaction Gibbs sampling: inherit spectral gaps/χ2 contraction from the

quasi-local sampler, even though the accurate effective Lindbladian is non-local
[Slezak et al. 26].

▶ Physical KMS Lindbladians from system–bath couplings: first polynomial-time
thermalization results beyond the commuting setting in several regimes [Slezak et al. 26].

▶ If MLSI is available quasi-locally, the same argument transports it as well.

Current reach
High-temperature local lattices, weakly interacting fermions, and 1D chains all fall under this
template once a quasi-local gap bound is known
[Rouzé et al. 24a, Rouzé et al. 24b, Slezak et al. 26, Smid–Berta et al. 25a].

But note the limitation
This is currently a χ2/gap story. We still do not know how to transport rapid mixing in oscillator
norm this way, and we certainly do not yet have a general noncommuting relative-entropy
contraction theorem.
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The efficient regimes we can prove look resource-poor

Spin/qudit high temperature
▶ Bakshi–Liu–Moitra–Tang: sufficiently

high-temperature Gibbs states are separable
[Bakshi et al. 24].

▶ In the qubit/Pauli setting, the decomposition
is into stabilizer product states.

▶ Consequence: in those regimes, no
entanglement and no magic survive.

Bounded-degree fermions
▶ Ramkumar–Cai–Tong–Jiang:

high-temperature Gibbs states are mixtures of
fermionic Gaussian states
[Ramkumar et al. 25].

▶ Smid et al, Tong et al: weakly interacting
Fermi–Hubbard is efficiently samplable at any
temperature [Smid–Berta et al. 25a].

▶ Consequence: current fermionic positive
results stay close to Gaussian /
weak-coupling structure.

Interpretation: the regimes where we can currently prove efficient thermalization
also look structurally simple. Cluster expansions drive the structural proofs.
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A call to arms: can resources themselves have contraction coefficients?

The question I would like this community to attack
Can we prove contraction inequalities for genuine resource monotones, not only for χ2 or
oscillator norms?

M(etL(ρ)) ≤ e−αM t M(ρ) or at least ηM(t) := sup
ρ

M(etL(ρ))
M(ρ) < 1

for monotones such as

M ∈ {ER (relative entropy of entanglement), relative entropy of magic / mana}

or fermionic non-Gaussianity.

▶ In the easy high-temperature regimes, this would explain why resources disappear.
▶ More interestingly, it could reveal a connection between:

▶ the threshold for efficient Gibbs sampling, and
▶ the threshold for resource sudden death.
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Takeaways

1 Quantum Gibbs sampling is naturally a contraction problem for a fixed-point channel.
2 Today we control two useful notions: χ2/gap contraction and oscillator-norm contraction.
3 The efficient regimes we can prove are mostly resource-poor.
4 Can we repeat this story for contraction of resource monotones?

Thank you!
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